This work investigates the influence of Young's modulus, shells thickness, and geometrical imperfection uncertainties on the parametric instability loads of simply supported axially excited cylindrical shells. The Donnell nonlinear shallow shell theory is used for the displacement field of the cylindrical shell and the parameters under investigation are considered as uncertain parameters with a known probability density function in the equilibrium equation. The uncertainties are discretized as Hermite-Chaos polynomials together with the Galerkin stochastic procedure that discretizes the stochastic equation in a set of deterministic equations of motion. Then, a general expression for the transversal displacement is obtained by a perturbation procedure which identifies all nonlinear modes that couple with the linear modes. So, a particular solution is selected which ensures the convergence of the response up to very large deflections. Applying the standard Galerkin method, a discrete system in time domain that considers the uncertainties is obtained and solved by fourth-order Runge-Kutta method. Several numerical strategies are used to study the nonlinear behavior of the shell considering the uncertainties in the parameters. Special attention is given to the influence of the uncertainties on the parametric instability and time response, showing that the Hermite-Chaos polynomial is a good numerical tool.
Introduction
Theoretical and experimental results found in the literature show that cylindrical shells subjected to static loads are susceptible to buckling, and they may have a load capacity much lower than the theoretical critical load. This difference may be due to variations in physical and geometric properties [1] [2] [3] , including geometric imperfections [4] [5] [6] or load noise [7, 8] . It may occur in the manufacturing process or during the service life of such structures.
The pioneering technique for quantifying the effect of randomness in problems involving structural systems was the method of Monte Carlo, which relies on repeated random sampling to obtain numerical results, that is, by running simulations many times over in order to calculate probabilities heuristically just like recording a large number of experiments [3] [4] [5] [6] 9] . However, to access the influence of uncertainties on the nonlinear dynamics of structural systems, a large enough number of samples are necessary to obtain reliable results and, for each simulation, the equations of motion must be integrated numerically during a sufficiently long time to capture the behavior of the structure. Therefore, the Monte Carlo method requires a costly processing time. So, an alternative method not based on sampling processes is ideal for nonlinear dynamic systems.
Stochastic Galerkin method has been proposed as an alternative for solving stochastic problems. This method adapts the standard numerical methods in order to consider the uncertainties in the input parameters and to quantify their influence on the system solution. In the stochastic Galerkin method the statistical characteristics of random response, such as mean value and variance, are determined without 2 Mathematical Problems in Engineering the need of carrying out a usually high set of samples, as shown in [10] .
Recently, Sepahvand et al. [11] and Ernst et al. [12] investigated the use of polynomial chaos in various problems and studied its convergence. The method of generalized polynomial chaos with the stochastic Galerkin method has been used to analyze several stochastic problems in applied mechanics [13] [14] [15] [16] [17] [18] .
The nonlinear stochastic static analysis of cylindrical shells has been carried out by [19, 20] and Silva et al. [8] studied the influence of uncertainties on the nonlinear dynamic response, parametric instability boundary, bifurcation diagrams, and basins of attraction of cylindrical shells. However, none of these works uses the stochastic Galerkin method together with the expansion of the generalized polynomial chaos.
Cylindrical shells are one of the most common structural elements with applications in nearly all engineering fields. They are particularly suited to withstand axial loads and lateral pressure. Under these loading conditions thinwalled cylindrical shells usually display a complex nonlinear response due to modal coupling and interaction and high imperfection sensitivity. The study of the nonlinear vibrations of cylindrical shells goes back to the middle of the last century [21] [22] [23] [24] [25] . In these works either the Ritz or the standard Galerkin method is used to discretize the shell. For this, a modal expansion for the displacement field is necessary. The development of consistent modal solutions capable of describing the main modal interactions observed in cylindrical shells has received much attention in the literature. A detailed review of this subject was published by Amabili and his coauthors [26, 27] .
So far, we cannot find in the literature any work that uses the stochastic Galerkin method together with the expansion of the generalized polynomial chaos to study the influence of uncertainties of physical or geometrical parameters on the nonlinear dynamics of cylindrical shells. Usually, previous works were conducted studying numerically a very large set of samples so that the results considering uncertainties in a certain parameter can be statistically reliable. But this leads to a time consuming numerical procedure [1] [2] [3] [4] [5] [6] [7] [8] . The Galerkin method seems to be a reliable alternative, especially when only the lower bound of buckling loads is desired. Therefore, the aim of this work is to study the effects of randomness in Young's modulus, in the shells thickness, and in the amplitude of an initial geometrical imperfection on the dynamic buckling of axially excited cylindrical shell using the stochastic Galerkin method, associated with the HermiteChaos polynomials, and a consistent procedure to describe the nonlinear displacement field of a cylindrical shell. In this case, the proposed methodology is faster than samples' generation because the Hermite-Chaos polynomials are able to give the statistical measure without samples' generation, leading to a time efficient numerical procedure, mainly, in the study of the nonlinear dynamic response of cylindrical shells. 
Problem Formulation

Deterministic Shell Equations.
Consider a simply supported cylindrical shell with radius , thickness ℎ, and length with an initial geometric imperfection described by a specified function , made of an elastic material with Young's modulus , Poisson coefficient , and density . The geometry, coordinate system ( , , ), and displacements ( , V, ) are shown in Figure 1 . The shell is subjected to an axial compressive load, ( ), applied at both ends, namely, = 0 and = . Using Donnell's nonlinear shallow shell theory, the straindisplacement relations and the changes of curvature of an imperfect cylindrical shell are given by
where , , and are the midplane deformations and , , and are the changes of curvature of shells middle surface.
The nonlinear deterministic equations of motion based on Donnell's nonlinear shallow shell theory, in terms of a stress function and the transversal displacement , are given by
where 1 and 2 are, respectively, the linear viscous damping and the viscoelastic material damping coefficients. = ℎ 3 /12(1 − 2 ) is the flexural stiffness of the shell, 0 is the lowest vibration frequency, ( ) is the axial load, and ∇ 4 is the biharmonic operator defined as
The shell is subjected to a harmonic axial load, uniformly applied along the edges, of the form
where 0 is the axial static preload, 1 is the magnitude of the axial harmonic load, is the frequency of excitation, and is the time.
The initial geometrical imperfection is described by
where 11 is the amplitude of the initial geometric imperfection. For a simply supported shell, the following boundary conditions must be satisfied in the transversal direction:
In the foregoing, the following nondimensional parameters have been introduced:
where
] is the classical axial buckling load of the shell [28, 29] .
Considering Randomness at the Parameters of the Shells Equation.
In this work the Young modulus ( ), the shell thickness (ℎ), and magnitude of an initial geometric imperfection ( 11 ) are considered as uncertain parameters with a known probability density function. So, these parameters introduce randomness into the nonlinear deterministic equations of motion. Considering these uncertainties, the nonlinear nondeterministic equations of motion take the form̂∇
1ĥ
where the symbol (̂) indicates that the parameter has an uncertainty with known probability density function.̂and ℎ are uncertainties parameters; thereforê=̂ĥ 3 /12(1 − 2 ) is the nondeterministic flexural stiffness and̂is the nondeterministic stress function.̂is the nondeterministic initial geometric imperfection because the amplitude of initial geometric imperfection ( 11 ) will be considered unknown.
General Solution of the Shell Displacement Field by a Perturbation
Technique. The numerical model is developed by expanding the transversal displacement component, , in series in the circumferential and axial variables. Previous investigations on modal solutions for the nonlinear analysis of cylindrical shells [30] [31] [32] [33] [34] have shown that in order to obtain a consistent modeling with a limited number of modes the chosen shape functions for the displacements must describe consistently the nonlinear displacement field of the shell and the nonlinear coupling between the modes.
By applying the perturbation procedures described in [31] [32] [33] [34] and by considering the boundary conditions for a simply supported cylindrical shell (6) the following modal solution that accounts for the nonlinear modal coupling and the companion mode participation [26, 34] and describes consistently the vibration amplitudes up to twice the shell thickness is obtained:
where ( ), with = 1, 2, . . . , 7, are the deterministic modal amplitude of the lateral displacement field. The deterministic problem is solved by substituting the deterministic lateral displacement field (10), into stress function (3), and solving analytically the resulting partial differential equation. Next, substituting (10) and the obtained stress function into the nonlinear deterministic equation of motion (2) and applying the standard Galerkin method, where the weighting functions are the trigonometric functions of (10), a set of seven nonlinear ordinary differential equations is obtained in terms of the time-dependent modal amplitudes ( ), with = 1, 2, . . . , 7. Now, the lateral displacements field in the nondeterministic problem defined by (8) - (9) is a random process and the time-dependent modal amplitude ( ), with = 1, 2, . . . , 7, varies with the random parameters. So the random displacement field can be written as [10] 
where the amplitudes ( ), with = 1, 2, . . . , 7, are the nondeterministic modal amplitudes. The th component in (11) is discretized using the th Hermite-Chaos polynomial, with = 0, 1, . . . , .
Stochastic Galerkin Method with Hermite-Chaos Polynomial.
In this work the stochastic Galerkin method is applied considering an uncertainty in Young's modulus, in the shell thickness, and in the amplitude of the initial geometrical imperfection or, simultaneously, in Young's modulus and shell thickness. In the last case the random variables are considered uncorrelated. The other system parameters such as axial load, boundary conditions, and physical and geometrical properties remain constant.
The uncertainties are considered with a standard normal distribution, , given by
where 0 and are, respectively, the nominal value and the variation from the nominal value of the parameter (Young's modulus, or shell thickness, or the amplitude of the initial geometrical imperfection). Substituting the random parameter into the nonlinear nondeterministic equation of motion, (8)- (9) become a set of stochastic partial differential equations. The stochastic Galerkin method transforms a stochastic equation into a set of deterministic differential equations where the random parameter is described by (12) and the solution is obtained by a set of Hermite-Chaos polynomials given by [10, 35] 
where Φ is the generalized polynomial chaos written in terms of the vector of -random variables, . The lateral displacement field , given by (13) , is a stochastic process because the random variable introduces an uncertainty in the system. The random variable has a normal probability density function, so the chosen orthogonal polynomials are the Hermite-Chaos polynomial [10] . The first four terms of the Hermite-Chaos polynomials, considering only one random variable, 1 , are given by
The modal solution for the lateral displacement field, given by (13) , is now substituted into (9) . Solving analytically the partial differential equation, a consistent solution for the stress function̂is obtained. Finally, by substituting the adopted expansion for the transversal displacement together with the obtained stress function into (8) and by applying the stochastic Galerkin method
a discretized deterministic system of ordinary differential equations of motion, with ( + 1) equations, is derived. The inner product between two functions given by (15) that contains only one random variable is defined as
where ( 1 ) is the normal standard probability density function:
After the application of the stochastic Galerkin method given by (15) , a set of deterministic equations is obtained. So, the standard Galerkin method is necessary to discretize this set of deterministic equations in the space domain, where the weighting functions are the trigonometric function of (13) . Finally, a set 7 × ( + 1) of nonlinear ordinary differential equations that accounts for the randomness of a given parameter is obtained in terms of the time-dependent stochastic modal amplitudes ( ), with = 1, 2, . . . , 7 and = 0, 1, . . . , . To consider two uncorrelated random variables simultaneously, the main changes are in the Hermite-Chaos polynomials (see [10] ). The first six terms of the Hermite-Chaos Mathematical Problems in Engineering
Pseudocode 1: Pseudocode to implement the stochastic Galerkin method associated with the standard Galerkin method.
polynomials, considering two random variables 1 and 2 , are given by
. . .
And the inner product for two random variables is defined as
where ( 1 , 2 ) is the normal standard probability density function for two uncorrelated random variables:
The methodology applied in this work is presented in Pseudocode 1 where is the vector that contains the kth Hermite-Chaos polynomials, as function of the -random variable, and M is the vector that contains the weighting function of the standard Galerkin method. First, when the stochastic Galerkin method is applied, ( + 1) deterministic partial differential equations (DPDE) are obtained. Next, for each DPDE, the standard Galerkin method is applied and 7 × ( +1) deterministic ordinary differential equations (DODE) are obtained.
From the definitions about statistical moments where the first order moment is the average of random process and the second order moment is the variance of random process, it is possible to deduce the following equations [10] :
where (21) is the average response of each nondeterministic mode ( = 1, 2, . . . , 7) of modal solution given by (11) , while the variance of each nondeterministic mode ( = 1, 2, . . . , 7) is given by (22) .
Numerical Results
Consider a thin-walled cylindrical shell with length = 4 m, radius = 2 m, and nominal thickness ℎ 0 = 0.02 m. The shell is made of a homogenous and isotropic material with nominal Young's modulus 0 = 210 GPa, Poisson coefficient ] = 0.3, and density = 7850 kg/m 3 . The linear viscous damping coefficient, 1 , is 0.001 and the viscoelastic material damping, 2 , is 0.0001. Figure 2(a) shows the variation of the vibration frequencies with the circumferential wavenumber for selected values of the number of axial half waves . For this geometry the lowest natural frequency occurs for vibration mode ( , ) = (1, 5), identified by the symbol (e) in Figure 2 (a). escape from the prebuckling potential well (snap-through buckling). When an axial harmonic load, Γ 1 , is applied a uniform forced vibration response, called breathing mode, occurs. At certain values of the axial load parameters (Γ 0 , Γ 1 , and Ω ) this oscillation becomes unstable and the cylindrical shell exhibits parametric instability. In this work, the axial preload is Γ 0 = 0.50. So, for this load, there are five static solutions: two unstable solutions and three stable solutions. The solutions within the prebuckling potential well associated with the trivial stable solution are considered the safe desired solutions.
Uncertainties in Young's Modulus.
In this section a perfect cylindrical shell with random Young's modulus is considered and the other parameters remain with their design values. The uncertainty in Young's modulus is described by (12) , where the nominal value, 0 (= 0 ), is 210 GPa and the adopted nominal value deviation, , is 5%. For a standard normal distribution, there are 99.6% of samples in the range −3 < < 3. So, it is possible to assert that 99.6% of all possible samples are in the range 178.5 GPa < (= ) < 241.5 GPa. Observe that this range is larger than the possible deviations expected in a standard manufacturing process.
To obtain the parametric instability boundary in the force control space (Γ 1 , Ω ), using a traditional samples' generation, for each pair (Γ 1 , Ω ), thousands of samples must be generated and its response must be obtained and next the mean value of this set of samples must be evaluated. Equation (21) guarantees the mean value directly, by the first nondeterministic modal amplitude, 0 ( ), leading the stochastic Galerkin method to a good numerical tool that prevents the samples' generation. The numerical efficiency in comparison with samples' generation methods could be checked in works [10, [35] [36] [37] .
So, the parametric instability boundary in the force control space (Γ 1 , Ω ), considering a nondeterministic problem, obtained by the stochastic Galerkin method together with the Hermite-Chaos polynomials, must be able to represent the variability of Young's modulus. The parametric instability boundaries are obtained numerically by the application of fourth order Runge-Kutta method to the discretized equations of motion. The axial harmonic excitation, Γ 1 , is increased keeping constant the frequency excitation, Ω . When the cylindrical shell time response converges to a nontrivial steady state solution, the parametric instability load is obtained and the frequency excitation is increased. Figure 3 shows the parametric instability boundaries for a perfect cylindrical shell considering a prestatic load Γ 0 = 0.50. The blue curve corresponds to the deterministic case while the black and red curves are obtained considering a random Young's modulus and, respectively, three and four Hermite-Chaos polynomials in (13) . The horizontal dashed line indicates the cylindrical shell static critical load, while the two vertical dashed lines indicate the lowest natural frequency of the preloaded cylindrical shell considering the nominal values of Young's modulus, , and twice this value, 2 , corresponding to secondary resonance region and main resonance region, respectively.
The region below the parametric instability boundary indicates the set of harmonic load parameters (Ω , Γ 1 ) which after a small perturbation applied to initial conditions (rest position) converges to the trivial solution. The region above the parametric instability boundaries leads to instability.
The parametric instability load of the perfect cylindrical shell with random Young's modulus, shown in Figure 3 , corresponds to the highest harmonic load magnitude, Γ 1 , for which the average time response remains trivial for all samples in the analyzed range; that is, there is no sample that leads to a nontrivial solution. (100 GPa < < 300GPa). The range −3 < < 3 (178.5 GPa < < 241. there is a region between the vertical red lines where there is no stable solution because the time response for at least a sample in this region goes to infinity, as illustrated in Figure 5 . So, the average of the time response goes to infinity too. Now, in Figures 4(a) and 4(e) the deterministic bifurcation diagram is stable within the analyzed range. In these cases, the average of the time response is zero, as shown in Figures 4(b) and 4(f) .
The nondeterministic time responses in Figure 4 agree with the nondeterministic parametric instability boundary of Figure 3 . Due to Young's modulus uncertainty, there is a noticeable decrease in the parametric instability boundary. Increasing the number of Hermite-Chaos polynomials, the discretization of the probability density function becomes more accurate, since more samples are included in the analysis, leading to a further (small) decrease in the load capacity of the shell. The selection of the order of polynomial chaos expansion was conducted through a convergence analysis by observing the numerical difference between the values of the parametric instability load of the current order with the previous one. The current order was assumed to be good enough when this difference was less than 5%.
Uncertainties in the Shells
Thickness. Now, in this section the uncertainties in the shell thickness are considered and the other parameters are assumed with their design values. The uncertainties in the shell thickness are described in (12) , where the nominal value, 0 (=ℎ 0 ), is 0.02 m and the adopted nominal value deviation, , is 2.5% (small variation in the shell thickness). Figure 6 shows the parametric instability boundaries for the deterministic case and the nondeterministic case considering three and four Hermite-Chaos polynomials in (13) . The parametric instability load decreases due to the variation of the shell thickness. Among the shell geometrical parameters ( , , and ℎ), the thickness is the most critical, since small variations in the shell thickness may cause a significant decrease in the stability boundary and the maximum variation must thus be prescribed in design. Also, as in the case of Young's modulus (Figure 3 ), a lower bound around 2 , nearly equal to the minimum critical load of the perfect system, is observed. This can be prescribed as a conservative lower bound in the resonance regions. Figures 7(a) , 7(c), 7(e), and 7(g) present, for selected values of the load excitation, the bifurcation diagrams having as a control parameter the shells thickness. The dashed red lines indicate the considered range of variation of the shells thickness, 0.0185 m < ℎ < 0.0215 m, which contains 99.6% of all samples considering a standard normal distribution with nominal value deviation, , equal to 2.5%. It should be pointed out that similar instability boundaries are obtained using different distributions. However, for each distribution, a different family of chaos polynomials must be selected [10, 35] .
Figures 7(b), 7(d), 7(f), and 7(h) illustrate, respectively, the average of the time response of each bifurcation diagram given by Figures 7(a) , 7(c), 7(e), and 7(g). As observed in the analysis of the cylindrical shell with uncertainties in Young's modulus, if the bifurcation diagram has a region with only stable solution in the analyzed range (between the red dashed vertical lines), the average of the time response goes to a trivial solution, as given by Figures 7(b) and 7(f) . Now, if the bifurcation diagram has a region with unstable solution in the analyzed range, the average of the time response goes to infinity, as shown by Figures 7(d) and 7(h) .
As also observed in the analyses with uncertainties in Young's modulus (Figure 3) , increasing the number of Hermite-Chaos polynomials, the discretization of the probability density function of the uncertainty becomes more accurate, since a larger number of samples are included in the analysis.
Uncertainties in the Magnitude of the Initial Geometric
Imperfection. Initial imperfections are a key issue in the stability analysis of cylindrical shells. Now the influence of an uncertainty in the magnitude of the initial geometric imperfection, 11 , is investigated. For this, 11 is assumed as the random variable with a normal standard probability density function given by (12) and the nominal values for other geometrical and physical parameters. The initial geometric imperfection is considered to vary in the range −0.75 < 11 < 0.75 (−3 < < 3), which is within the range prescribed by most design codes, considering a nominal value for the initial geometric imperfection, 0 in (12), equal to zero (perfect shell) and = 0.25. This range encompasses 99.6% of all samples. Initially, Figure 8 compares the parametric instability boundary for a perfect cylindrical shell under axial excitation and the parametric instability boundary for an imperfect cylindrical shell, considering a normal probability density function. The lower bound of critical loads for the imperfect shell is in agreement with the imperfection sensitivity analysis presented in [32, 38] .
Figures 9(a), 9(c), 9(e), and 9(g) display the bifurcation diagrams having as control parameters the magnitude of the imperfection, while Figures 9(b), 9(d), 9(f), and 9(h) show the time response for selected values of Ω and Γ 1 . It can be observed that, in the interval where no stable solution occurs (see Figures 9(c) and 9(g)), the mean time response goes to infinity (Figures 9(d) and 9(h)) because there is at least one value of imperfection whose time response is unstable (escape from the prebuckling well).
It is possible to notice in Figures 9(a) and 9(e) that there are unstable solutions in the range −3 < < 3 and their respective mean time response should go to infinity but they go to a trivial solution. In Figures 9(a) and 9(e) in the interval −2 < < 2 all solutions are stable. Figures 9(b) and 9(f) show a good prediction of nondeterministic time response for the range −2 < < 2 that encompasses 95.4% of all samples. In this range there are only stable solutions and the average response converges to the trivial solution. However, in the ranges −3 < < −2 and 2 < < 3 instabilities are observed. In these cases, the respective nondeterministic time responses, as in Figures 9(b) and 9(f), should go to infinity, but they converge to the trivial response. This is due to the number of Hermite-Chaos polynomials used in the analysis.
To obtain a correct time response of Figures 9(b) and 9(f), the first five Hermite-Chaos polynomials (13) are used and the correct nondeterministic time response for the range −3 < < 3 can be obtained, as in Figure 10 . So, to detect the instability in the analyzed range a larger number of Hermite polynomials are required.
Uncorrelated Uncertainties in Young's Modulus and Shell
Thickness. In this section the effect of a simultaneous and uncorrelated uncertainty in Young's modulus and in shells thickness is analyzed. For this, the random transversal field displacement given by (13) is discretized with the HermiteChaos polynomials shown in (18) that contain two random variables, 1 and 2 , and six polynomials' functions. The uncertainty in Young's modulus is described as in (12) , where the nominal value, 0 (= 0 ), is 210 GPa and the adopted nominal value deviation, , is 5%. The uncertainties in the shell thickness are described in (12) , where the nominal value, 0 (=ℎ 0 ), is 0.02 m and the adopted nominal value deviation, , is 2.5%. Figure 11 shows the parametric instability boundaries for a perfect cylindrical shell under a prestatic load Γ 0 = 0.50. The blue parametric instability boundary is obtained considering a deterministic problem (nominal values) while the black parametric instability boundary is obtained considering a simultaneous and uncorrelated uncertainty in Young's modulus and in shells thickness. To identify the main changes caused by the simultaneous uncertainties, the parametric instability boundaries considering only Young's modulus randomness (green boundary) or the shells thickness uncertainties (red boundary) are also shown in Figure 11 .
To analyze the simultaneous influence of the uncorrelated uncertainty in Young's modulus and shell thickness on the parametric instability boundary, the deterministic time response for each pair of deterministic parameters in the normalized plane / 0 versus ℎ/ℎ 0 is investigated, as shown in Figures 12(a) 
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.6% of all possible samples. The aim of these mappings is to determine which combinations of Young's modulus and shells thickness, for a certain harmonic load, are stable and which combinations are unstable solutions. For every stable solution, in those figures, the pairs ( / 0 , ℎ/ℎ 0 ) are plotted in black, while the unstable solutions are plotted in white. Figure 13 (a) illustrates a pair ( / 0 , ℎ/ℎ 0 ) (yellow point in Figure 12(a) ) that leads to a stable trivial solution, while Figures 12(d) and 12(h) . So, the present methodology has been shown to be a good numerical tool to evaluate the parametric instability boundaries for problems with one or more random variables.
Conclusions
In this work the influence of uncertainties in Young's modulus of the shell material, shell thickness, and magnitude of initial geometric imperfection or the parametric instability boundaries of an axially excited cylindrical shell is analyzed. The Donnell nonlinear shallow shell theory is used to study the nonlinear vibrations of the shell. To solve the stochastic differential equation, the uncertainties are discretized using Hermite-Chaos polynomials and the stochastic Galerkin method is applied to obtain a set of deterministic partial differential equations of motion, which are solved by the Runge-Kutta method. A modal expansion for the transverse displacement field is obtained using perturbation techniques. This expansion includes all nonlinear modes which couple with the linear modes through quadratic and cubic nonlinearities in the nonlinear equations of motion. A particular solution of this expansion, satisfying all boundary conditions, is selected in such a way as to guarantee the convergence of the response even to large vibration amplitudes. The results show that this procedure is able to quantify the influence of the uncertainties on the instability boundaries of the axially loaded cylindrical shell. The present results show that the parametric instability boundaries of nondeterministic systems are the lower bound of the results considering uncertainties in a given parameter. This indicates that the Hermite-Chaos polynomials are a good alternative to describe the randomness of a partial differential equation in stochastic nonlinear dynamics when the random variable is described by a standard normal distribution. Additional studies on the use of polynomial chaos in nonlinear dynamics field, mainly other random distribution and the possibility of application of the generalized polynomials chaos, are indicated, for example, to study which is the influence of uncertainties on bifurcations and erosion of the basins of attraction of a nonlinear dynamical system.
